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Examples of contact mapping classes
of infinite order in all dimensions
Fabio Gironella
Abstract
In this paper we give examples of tight high dimensional contact man-
ifolds admitting a contactomorphism whose powers are all smoothly iso-
topic but not contact-isotopic to the identity; this is a generalization of
an observation in dimension 3 by Gompf, also reused by Ding and Geiges.
1 Introduction
We study in this paper the topology of the space of contactomorphisms D (V, ξ)
of a given contact manifold (V, ξ) in relation with that of the space of diffeo-
morphisms D (V ) of the underlying smooth manifold V .
It is known that the space Ξ (V ) of contact structures on V plays an important
role in the study of the relations between D (V, ξ) and D (V ). Indeed, if V is a
closed manifold, then the map D (V )→ Ξ (V ), defined by φ 7→ φ∗ξ, is a locally-
trivial fibration with fiber D (V, ξ); this essentially follows from (the proof of)
Gray’s theorem, as explained for instance in [GM17, Mas]; see also [GGP04], in
which it is proved that the map is a Serre fibration (which is enough for this
discussion). This fibration induces a long exact sequence of homotopy groups
. . .→ pik+1 (Ξ (V ))→ pik (D (V, ξ)) j∗−→ pik (D (V ))→ pik (Ξ (V ))→ . . .
where j∗ : pik (D (V, ξ)) → pik (D (V )) is the map induced on the homotopy
groups by the natural inclusion j : D (V, ξ)→ D (V ).
Beside the paper [Bou06], where the author uses tools from contact homology
to study the groups pik (Ξ (V ) , ξ) for some explicit contact manifolds (V, ξ) and
some k > 1, the focus is typically on the study of j∗ : pi0 (D (V, ξ))→ pi0 (D (V ))
induced by j on the space connected components; this study is of course deeply
related, via the exact sequence above, to the study of pi1 (Ξ (V ) , ξ).
The results available so far in this direction also consist in concrete examples of
contact manifolds (V, ξ) where, thanks to the specific geometry of the underly-
ing manifold V , one can effectively use techniques from both contact geometry,
such as convex surface theory in the tight and overtwisted 3-dimensional case
and holomorphic curves in the tight high-dimensional case, and from algebraic
topology, in the overtwisted high dimensional case, to obtain results on the map
j∗|pi0 and on the fundamental group of Ξ (V ).
For instance, one can find in the literature several examples of contact mani-
folds (V, ξ) for which ker (j∗|pi0) is non-trivial; the interested reader can consult
[Gom98, Gir01, GGP04, Bou06, DG10, GK14, GM17] and [Vog18] for, respec-
tively the tight and overtwisted 3-dimensional cases, and [Bou06, LZ18, MN16]
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and [Gir17] for, respectively, the tight and overtwisted higher-dimensional cases.
Notice that the examples in [Bou06, LZ18, MN16] are tight according to the def-
inition of overtwistedness in higher dimensions in [BEM15], which generalizes
the 3-dimensional one given in [Eli89].
This paper focuses more precisely on the problem of the existence of infinite
cyclic subgroups in ker(j∗|pi0). To our knowledge, the only known example of
such phenomenon is given in [Gom98, DG10]: in the first paper, Gompf observes
that S2 × S1, equipped with its unique (up to isotopy) tight contact structure
ξstd, has a contact mapping class of infinite order; starting from this remark,
Ding and Geiges then prove in [DG10] that ker(j∗|pi0) and pi1(Ξ
(
S2 × S1) , ξstd)
are actually both isomorphic to Z.
Our aim is to give explicit examples of high-dimensional tight manifolds that
admit an element of infinite order in ker(j∗|pi0). This is achieved by first exhibit-
ing elements of infinite order in pi0(D (V, ξ)) for V given by the product of the
double DW of a stabilized Weinstein domainW and the circle S1, equipped with
a natural fillable contact structure ξ on it; in some cases where the topology of
W is known, these infinite-order elements of pi0(D (V, ξ)) can actually be shown
to be in ker(j∗|pi0).
More precisely, we start by analyzing the following general situation. Let
(F 2n−2, ωF , ZF , ψF ) be a Weinstein manifold, i.e. ωF is a symplectic form on
F , ψF : F → R is an exhausting Morse function and ZF is a complete Liouville
vector field for ωF which is gradient-like for ψF . Consider then the stabilization
(F × C, ωF ⊕ ω0, ZF + Z0, ψF + |.|2C), where ω0 = rdr ∧ dϕ and Z0 = 12r∂r,
using coordinates z = reiϕ ∈ C. Suppose that c > minψF is a regular value of
ψ := ψF + |.|2C and let W be the compact domain ψ−1((−∞, c]). We suppose
also that there is an almost complex structure JF on F tamed by ωF and such
that (TF, JF ) is trivial as complex bundle over F .
Consider now the Weinstein manifold (F × C × R × S1, ω′, Z ′, ψ′), where, us-
ing coordinates (s, θ) ∈ R × S1, ω′ = ωF + ω0 + 2ds ∧ dθ, Z ′ = Z + s∂s and
ψ′(p, z, s, θ) = ψ(p, z) + s2. The preimage (ψ′)−1(c), which is diffeomorphic to
the product of the double DW := W ∪∂WW ofW and S1, is naturally equipped
with the contact structure ξ = kerα, where α = (ιZ′ω′)|DW×S1 . Moreover, the
diffeomorphism of F × C × R × S1 given by (q, z, s, θ) 7→ (q, eiθz, s, θ) restricts
to a well defined diffeomorphism Ψ of DW × S1.
In this setting, we will then prove the following result:
Theorem 1. The diffeomorphism Ψ of DW × S1 is smoothly isotopic to a
contactomorphism Ψc of (DW ×S1, ξ) such that, for each integer k 6= 0, its k-th
iterate is not contact-isotopic to the identity.
A direct application of Theorem 1 with F = Cn−1, ωF = 2
∑n−1
i=1 ridri∧dϕi,
ZF =
1
2
∑n−1
i=1 ri∂ri , ψF (z1, . . . , zn−1) = r
2
1 + . . . r
2
n−1 and c = 1, where we use
polar coordinates (z1 = r1eiϕ1 , . . . , zn−1 = rn−1eiϕn−1) on F = Cn−1, gives the
following generalization of the observation in [Gom98] to higher dimensions:
Corollary 2. Let (x1, y1, . . . , xn, yn, z, θ) be coordinates on the smooth manifold
R2n+1 × S1 and ξ be the tight contact structure on V := S2n × S1 defined by
the restriction of λ =
∑n
i=1 (xidyi − yidxi) + 2zdθ on R2n+1× S1 to S2n× S1 =
{z2 +∑ni=1 (x2i + y2i ) = 1}. Consider now the diffeomorphism Ψ of S2n × S1
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given by the restriction of
R2n+1 × S1 → R2n+1 × S1
(xi, yi, z, θ) 7→ (ϕθ(xi, yi, z), θ)
where, for each θ ∈ S1, ϕθ : R2n+1 → R2n+1 is the linear map which restricts
to the rotation of angle θ on the subspace R2 generated by (xn, yn) and fixes the
coordinates (x1, y1, . . . , xn−1, yn−1, z).
Then, Ψ is smoothly isotopic to a contactomorphism Ψc of (V, ξ) such that [Ψ2c ]
generates an infinite cyclic subgroup of ker (pi0D (V, ξ)→ pi0D (V )).
Notice that each even power of Ψc in Corollary 2 is indeed smoothly isotopic
to the identity: because the fundamental group of SO(m) is isomorphic to Z2
for all naturals m ≥ 3, there is, for all k ∈ N, a smooth isotopy of S2n × S1,
(globally) preserving each submanifold S2n×{pt}, between Ψ2k and the identity;
in particular, Ψ2kc is also smoothly isotopic to the identity.
Analogously to Corollary 2, Theorem 1 can be applied to the case of F =
T ∗Tn, ωF =
∑n
i=1 dpi∧dqi, ZF = 12
∑n
i=1 pi∂pi , c = 1 and ψF (qi, pi) =
∑n
i=1 p
2
i
(perturbed to a Morse function with a perturbation supported on a neighbor-
hood of ψ−1F (0)). This gives, for each n ≥ 1, another explicit example of tight
(V 2n+1, ξ) such that ker (pi0D (V, ξ)→ pi0D (V )) has an infinite cyclic subgroup.
Indeed, each even power of the diffeomorphism Ψ is smoothly isotopic to the
identity. This follows from the facts that T ∗Tn ' Tn × Rn, that DW × S1 '
Tn×Sn+2×S1 and that, for each θ ∈ S1, Ψ: Tn×Sn+2×S1 → Tn×Sn+2×S1
acts trivially on the first and thirds factors and as a rotation of angle θ around a
given axis on each {pt}×Sn+2×{θ}; because pi1(SO(m)) ' Z2 for each m ≥ 3,
we can then conclude, as done in the case of Corollary 2, that Ψ2kc is smoothly
isotopic to the identity, for each k 6= 1.
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2 Preliminaries
In Section 2.1 we describe how, given a Liouville domain W , one can naturally
construct an explicit Liouville manifold having DW × S1 as convex boundary,
as well as contactomorphisms of the latter; this will then be used in the case of
Weinstein domains in the proof of Theorem 1.
Section 2.2 describes a simple invariant, of homotopical nature, for (contact-
isotopy classes of) contactomorphisms, introducing the notion of families of
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Lagrangian basis. This invariant will then be used especially in the case of
stably trivial contact structures.
2.1 Product of doubled Liouville domains and S1
Let Ŵm be a smooth manifold and f : Ŵ → R be a proper and bounded from
below function which is also a regular equation of a (cooriented) hypersurface
Mm−1 ⊂ Ŵ , i.e. a smooth proper function transverse to 0 and such that M =
f−1(0) (with coorientation). Denote then by Wm the compact submanifold
f−1((−∞, 0]) of Ŵ .
Definition 3. We call f -double of W , and denote it by DfW , the smooth
manifold given by {(p, s) ∈ Ŵ × R | s2 + f(p) = 0}.
Notice that this set is indeed a smooth submanifold of W × R because the
function W × R→ R given by (p, s) 7→ s2 + f(p) is transverse to 0.
Indeed, one can always find a vector field Z on Ŵ which is boundary-gradient-
like for f , i.e which satisfies df(Z) ≥ 0 everywhere on Ŵ and df(Z) > 0 along
M = f−1(0): there is a vector field Z ′ on a neighborhood U of the (cooriented)
hypersurface M such that df(Z ′) > 0 on U , and we can choose Z to be Z ′
multiplied by a non-negative cutoff function χ supported in U . Then, d(s2 +
f)(s∂s + Z) = 2s
2 + df(Z) > 0 along DfW ⊂ Ŵ × R, which shows that DfW
is a regular hypersurface.
Notation 4. If f : Ŵ → R, we denote by fD : Ŵ × R → R the function
fD(p, s) = s2 + f(p); in particular, if f is an equation of the hypersurface
M ⊂ Ŵ , then fD defines the hypersurface DW ⊂ Ŵ × R, as shown above.
In a similar way, if Z is a vector field on Ŵ , we denote by ZD the vector field
Z + s∂s on Ŵ × Rs; if Z if boundary-gradient-like for f , then so is ZD for fD.
We have the following uniqueness property of the f -double:
Lemma 5. Let f0, f1 : Ŵ → R be two regular equations for M and Z be a
vector field on Ŵ which is boundary-gradient-like for both f0 and f1. For each
t ∈ [0, 1], denote by ft the function tf1 + (1− t)f0. Then the flow of the [0, 1]t-
parametric vector field
Xt :=
f1 − f0
dfDt (ZD)
ZD
on Ŵ ×R \ {s = 0, df0(Z) = df1(Z) = 0} gives an isotopy which, at time t = 1,
restricts to a diffeomorphism from Df1W to Df0W .
Notice that if f0, f1 : Ŵ → R are two regular equations for M , then there
always is a vector field Z on Ŵ which is boundary-gradient-like for both f0 and
f1; this can be proven as done above in the case of a single regular equation.
Lemma 5 then tells that DfW does not depend on f , up to diffeomorphism. By
a slight abuse of notation, we may hence write DW and simply talk about the
double of W .
Proof (Lemma 5). Notice that if f0, f1 : Ŵ → R are two regular equations for
M (inducing the same coorientation on it), then so is ft = tf1 + (1 − t)f0, for
each t ∈ [0, 1]. Moreover, if Z is boundary-gradient-like for both f0, f1, then
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ZD is also boundary-gradient-like for fDt , for each t ∈ [0, 1].
In particular, the smooth function G : Ŵ ×R× [0, 1]→ R, given by G(p, s, t) =
s2 + ft(p), is transverse to 0: indeed, dG(ZD) > 0 along G−1(0) =
⋃
tDftW ×
{t}. Then, G−1(0) is a smooth submanifold of Ŵ ×R× [0, 1], which is moreover
contained in Ŵ × R \ {s = 0, df0(Z) = df1(Z) = 0}. In particular, the (well
defined on ImG) vector field −∂t +Xt is tangent to G−1(0) and the restriction
of its flow at time 1 gives a diffeomorphism from G−1(0) ∩
(
Ŵ × R× {1}
)
=
Df1W × {1} to G−1(0) ∩
(
Ŵ × R× {0}
)
= Df0W × {0}, as wanted.
Let now (Ŵ 2n, λ) be a Liouville manifold and denote by Z its Liouville vector
field. Consider also a smooth proper function f : Ŵ → R, bounded from below
and such that Z is boundary-gradient-like for f ; denote by W the (compact)
submanifold f−1((−∞, 0]) of Ŵ . Notice that (M,η = ker(λ|M )) is a contact
manifold and that (W,λ) is a Liouville filling of it.
Consider now the Liouville manifold (Ŵ × Rs × S1θ, λ + 2sdθ), where Rs
and S1θ denote the manifolds R and S1 with coordinates s and θ respectively.
Notice that the vector field ZD = Z + s∂s and the function can naturally be
seen on Ŵ × R × S1. Moreover, ZD is Liouville for λ + 2sdθ and transverse
to DfW × S1 = {fD = 0} ⊂ Ŵ × R × S1; so, αf := (λ + 2sdθ)|DfW×S1 is a
contact form on DfW ×S1. In analogy with Notation 4, we will also denote the
Liouville form λ+ 2sdθ on Ŵ × R× S1 by λD in the following.
Lemma 6. Let f0, f1 : Ŵ → R be two regular equations for M such that the
Liouville vector field Z is boundary-gradient-like for both f0, f1 and, for t ∈ [0, 1],
denote by ft the function tf1 +(1− t)f0. Then, the flow of the [0, 1]t-parametric
vector field
Xt :=
f1 − f0
dfDt (ZD)
ZD
on Y := Ŵ × R \ {s = 0, df0(Z) = df1(Z) = 0} induces an isotopy of Y × S1
which, at time t = 1, restricts to a contactomorphism from (Df1W×S1, ker(αf1))
to (Df0W × S1, ker(αf0)).
We may hence drop the f in the notation and just denote it (DW×S1, kerα)
from now on.
Proof (Lemma 6). According to Lemma 5, the only thing to show is that the
flow ψt of Xt on Y ×S1 preserves ker(λD). An explicit computation shows that
LXt(λD) = f1−f0dfDt (ZD)λ
D, which implies that ψ∗t λD = htλD for a certain function
ht : Ŵ × R→ R>0, as wanted.
Remark. In [GS10], Geiges and Stipsicz construct, more generally, contact
forms on (W1 ∪M W2)× S1, where (W1, λ1) and (W2, λ2) are Liouville domains
with the same (strict) contact boundary (M,α); the contact structure they obtain
in the particular case where W1 = W2 and λ1 = λ2 (and ∂W1 identified with
∂W2 via the identity) is the same, up to isotopy, as the contact structure on
DW × S1 that we described above.
Even though the construction described here is less general, it has the advantage
of involving a natural Liouville filling of the strict contact manifold (DW×S1, α),
5
which will be useful in Section 3; notice, however, that one cannot always expect
a presentation involving a symplectic filling for the construction in [GS10]. For
instance, in the case W1 = D2 and W2 = Σg \D2, where Σg is a closed surface
with genus g 6= 0, the theory of convex surfaces by Giroux tells that the contact
structure on (W1∪S1W2)×S1 obtained as in [GS10] is overtwisted: indeed, it is
the unique S1-invariant contact structure on Σg × S1 such that each Σg × {pt}
is a convex surface with dividing set consisting of a homotopically trivial circle.
We now exhibit an explicit natural way to construct (strict) contactomor-
phisms of (DW × S1, ξ := kerα).
Consider an S1-family of diffeomorphisms (ϕθ)θ∈S1 of Ŵ , each of which pre-
serves both λ and f : Ŵ → R; we do not assume that they are the identity on
M = ∂W . Take then the diffeomorphism Ψ: DW × S1 → DW × S1 induced by
the restriction of Ψ̂ : Ŵ×R×S1 → Ŵ×R×S1 given by Ψ̂(p, s, θ) = (ϕθ(p), s, θ);
notice that this is well defined because ϕθ preserves f .
Lemma 7. The flow ψtY of the vector field
Y =
λ(∂ϕθ∂θ )
2 dfD(ZD)
(2sZ − df(Z) ∂s)
gives a smooth isotopy Ψ ◦ ψtY from Ψ = Ψ ◦ ψ0Y to a contactomorphism Ψc :=
Ψ ◦ ψ1Y of (DW × S1, ξ = kerα).
Notice that Y , given above as a section of the tangent bundle of Ŵ ×R×S1\
{s = 0, df0(Z) = df1(Z) = 0} is indeed tangent to (the DW factor of) DW ×S1.
Proof (Lemma 7). For notational ease, in the following we denote by Xθ the
vector field ∂ϕθ∂θ and by hθ the function λ(Xθ) defined on Ŵ .
We start by noticing that we have the identity dhθ = −ιXθdλ: indeed,
ϕ∗θλ = λ for each θ ∈ S1, so that LXθλ = 0, which is equivalent to dhθ = −ιXθdλ.
In particular, an evaluation of the above identity on the Liouville vector field Z
tells that dhθ(Z) = hθ.
An explicit computation gives that Ψ̂∗λD is equal to λ + (2s+ hθ) dθ, so
that Ψ∗
[
λD|T (DW×S1)
]
= [λ+ (2s+ hθ) dθ] |T (DW×S1). Denote then, for all
t ∈ [0, 1], by λDt the 1-form λ+(2s+ thθ)dθ on Ŵ ×R×S1 and by αt the 1-form
λDt |T (DW×S1) on DW × S1.
We then prove that αt is a contact form for each t ∈ [0, 1]; for this, it’s
enough to prove that, for each t ∈ [0, 1], λDt is a Liouville form and that its
Liouville vector field ZDt is transverse to DW × S1.
We can compute dλDt = dλ + 2ds ∧ dθ + tdhθ ∧ dθ; then, it is easy to see
that (dλDt )n+1 = 2(dλ)n ∧ ds ∧ dθ, so that λDt is indeed a Liouville form on
Ŵ × R × S1. Moreover, its vector field Zt is just ZD: indeed, ιZDdλDt =
ιZdλ + tdhθ(Z)dθ + 2sdθ, which is exactly equal to λDt , because dhθ(Z) = hθ,
as remarked above, and ιZdλ = λ. In particular, Zt = ZD is transverse to
DW × S1, as wanted.
Now, according to (the proof of) Gray’s theorem, the flow of the (a pri-
ori time-dependent) vector field Xt such that αt(Xt) = 0 and ιXtdαt|kerαt =
−α˙t|kerαt gives an isotopy that pulls back kerαt to kerα0. Hence, it’s enough
to show that the vector field Y in the statement verifies these two conditions.
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An explicit computation gives that dfD(Y ) = 0 and λDt (Y ) = 0, i.e. that
Y ∈ kerαt = kerλDt ∩ T (DW × S1). Moreover, we can compute
ιY dλ
D
t =
hθ
2dfD(ZD)
[2sλ+ 2ts dhθ(Z) dθ − 2df(Z)dθ]
(i)
=
hθ
2dfD(ZD)
[
2sλDt − 4s2dθ − 2df(Z)dθ
]
(ii)
=
2shθ
2dfD(ZD)
λDt −
d
dt
λDt ,
where for (i) we used that dhθ(Z) = hθ and for (ii) we used that dfD(ZD) =
2s2+df(Z) and ddtλ
D
t = hθdθ. In particular ιY dαt|kerαt = −α˙t|kerαt , as wanted.
2.2 Families of Lagrangian basis
Let V be a smooth (2n+ 1)-manifold and ξ a contact structure on V . Given a
compact manifold Y m, we call family of Lagrangian basis of ξ indexed by Y , and
we denote it by L, the data of a smooth map γ : Y → V and, for j = 1, . . . , n,
of smooth maps Xj : Y → ξ such that the following diagram commutes
ξ
Y V
γ
Xj
and such that, for each q ∈ Y , the X1(q), . . . , Xn(q) are R-linearly independent
and generate a Lagrangian subspace of (ξp, (CSξ)p). Here, CSξ is the natural
conformal symplectic structure on ξ; in particular, (CSξ)p is a conformal class
of symplectic alternating forms on ξp and, hence, has a well defined class of
(isotropic and) Lagrangian subspaces.
We point out that if f : (V, ξ)→ (V, ξ) is a contactomorphism, then f∗L :=
(f ◦ γ, df(X1), . . . , df(Xn)) is also a Y -family of Lagrangian basis of ξ: indeed,
f preserves the conformal symplectic structure CSξ on ξ.
Moreover, if ft : (V, ξ) → (V, ξ) is a contact-isotopy from f0 = Id to f1 = f ,
then (ft)∗L is a path of Y -families of Lagrangian basis of ξ from L to f∗L. In
other words, we have the following obstruction to contact-isotopies:
Lemma 8. Let f : (V, ξ)→ (V, ξ) be a contactomorphism. If there is a Y -family
of Lagrangian basis L for ξ such that f∗L is not homotopic (among families of
Lagrangian basis) to L, then f is not contact-isotopic to the identity.
Let now J be a complex structure on ξ tamed by CSξ. Then, if L =
(γ,X1, . . . , Xn) is a Y -family of Lagrangian basis for ξ, for each q ∈ Y we
have that 〈X1(q), . . . , Xn(q)〉C = ξγ(q).
Suppose moreover that (ξ, J) is stably trivial, i.e. that there is a k ∈ N and an
isomorphism of complex vector bundles Φ: (ξ, J) ⊕ εkV ∼−→ εn+kV over V ; here,
εV is the trivial complex line bundle V ×C→ V and εmV denotes the direct sum
of εV with itself m times. We point out that the property that (ξ, J) is stably
trivial is not dependent on a specific choice of J : indeed, the space of complex
structures on ξ which are tamed by CSξ is contractible, hence (ξ, J) and (ξ, J ′)
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are isomorphic as complex vector bundles if J, J ′ are both tamed by CSξ.
Then, if (e1, . . . , ek) are the sections of εkV which give, at each point p ∈ V , the
canonical basis of the fiber (εkV )p = Ck, the image of Lstab := (γ,X1, . . . , Xn, e1◦
γ, . . . , ek ◦ γ) via Φ gives, pointwisely, a basis of the vector space Cn+k given by
the fibers of εn+kV over each point of the image of γ. In particular, considering
the linear endomorphism of Cn+k obtained by sending the canonical basis to the
basis given, pointwisely, by the image of Lstab via Φ, we then obtain a smooth
map M : Y → GLn+k(C).
In the following, we say that the family Lstab is the (e1, . . . , ek)-stabilization of
L (sometimes omitting the sections (e1, . . . , ek) of εkV if there is no ambiguity)
and denote it more concisely by L⊕ (e1, . . . , ek). We will also say that the map
M is the Y -family of (invertible) matrices associated (via Φ) to Lstab.
Remark that, given a contactomorphism f : (V, ξ)→ (V, ξ), the stabilization
(f∗L)stab = (f◦γ, df(X1), . . . , df(Xn), e1◦f◦γ, . . . , ek◦f◦γ) gives, via Φ, another
Y -family of invertible matrices, which we denote f∗M : Y → GLn+k(C). As this
can also be done parametrically, analogously to Lemma 8 above, we obtain:
Lemma 9. Let (V 2n+1, ξ) be a contact manifold and J an almost complex struc-
ture on ξ such that (ξ, J) is stably trivial, via an isomorphism Φ: (ξ, J)⊕ εkV →
εn+kV of complex vector bundles over V . Let also f : (V, ξ)→ (V, ξ) be a contac-
tomorphism and L = (γ,X1, . . . , Xn) be a Y -family of Lagrangian basis for ξ.
If the Y -family of matrices associated via Φ to the (e1, . . . , ek)-stabilization
(f∗L)stab is not homotopic, as map Y → GLn+k(C), to the Y -family of matrices
associated via Φ to the (e1, . . . , ek)-stabilization Lstab, then f is not contact-
isotopic to the identity.
3 Contact mapping classes of infinite order
The aim of this section is to prove Theorem 1, stated in the introduction; in
particular, we will use the notations introduced in its statement.
We start by claiming that we can make the following additional assumption:
the Weinstein structure (F, ωF , ZF , ψF ) comes from an almost Stein structure
(JF , ψF ) such that (TF, JF ) is trivial as complex vector bundle. Here, by al-
most Stein structure we mean that −ddCψF is symplectic on F and compat-
ible with JF . Moreover, we say that (F, ωF , ZF , ψF ) comes from (JF , ψF ) if
ωF = −ddCψF and ZF is the gradient vector field of ψF via the metric ωF (., JF .).
In order to arrange the two above additional assumptions, we could use
[CE12, Theorem 1.1.(a)], which ensures that theWeinstein structure (ωF , ZF , ψF )
on F is homotopic, among Weinstein structures with fixed ψF , to a Weinstein
structure coming from a genuine Stein structure J on F . However, as we don’t
need the integrability of such a J in what follows, it is enough to use the fol-
lowing result:
Theorem 10. Let F be a smooth 2n-dimensional smooth manifold with bound-
ary. Every Weinstein structure W = (ω,Z, ψ) on F is homotopic, among We-
instein structures with fixed exhausting function ψ, to a Weinstein structure
W′ = (ω′, Z ′, ψ) coming from an almost Stein structure (J, ψ).
The following proof of Theorem 10, as well as that of Lemma 11 used in it,
is due to Giroux [Girb]; we propose here only a sketched version, in order to
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keep this digression on deformations to almost Stein structures to a reasonable
length.
Sketch of proof: According to [CE12, Corollary 12.13], there is a homotopy of
Weinstein structures Wt on F , with fixed function ψ, starting at W0 = W and
ending atW1 = (ω′, Z ′, ψ) which, on a neighborhood Ucrit of the critical points
of ψ, comes from a (Stein hence) almost Stein structure (Jloc, ψ) on Ucrit.
Now, we claim that (Jloc, ψ|Ucrit) can be extended to an almost Stein struc-
ture (J, ψ) on F such that W1 is the Weinstein structure that comes from it,
thus concluding the proof of Theorem 10. For this, we need the following:
Lemma 11. Let W = (ω,Z, ψ) be a Weinstein structure on an open manifold
U2n. If ψ has no critical points, the space of ω-compatible almost complex
structures J on U such that (J, ψ) is almost Stein and W comes from (J, ψ), is
non-empty and contractible.
The claim is then a direct consequence of Lemma 11. Indeed, if O is any
open neighborhood of the critical sets of ψ which is compactly contained in Uloc,
the lemma gives an almost Stein structure (J ′, ψ) on F \O. Now, thanks to the
contractibility property, one can interpolate between Jloc and J ′ over Uloc \O,
in order to obtain the wanted almost Stein structure (J, ψ) on F .
Sketch of proof (Lemma 11). Notice that dψ(Z) > 0 because ψ doesn’t have
critical points (recall that the zeroes of Z coincide with the critical points of ψ).
Consider λ := ιZω, η := kerλ ∩ ker dψ and X the (nowhere zero) ω-dual of
dψ. Then, we claim that an almost complex structures J on U is ω-compatible
and satisfies λ = −dCψ if and only if it satisfies the conditions:
1. J(η) = η and J |η is ω-compatible,
2. JX = Z.
Indeed, suppose J is ω-compatible and satisfies λ = −dCψ. Then, one can
compute that ιZω = λ = −dCψ = −dψ ◦ J = −(ιXω) ◦ J = −ω(X, J.) =
ω(JX, .) = ιJXω; hence, Z = JX. Moreover, η = kerλ ∩ ker dψ = ker dCψ ∩
ker dψ, hence J(η) = η; J |η is clearly ω-compatible, as J is.
Analogous considerations show that, if J satisfies conditions 1 and 2 above, then
it is also ω-compatible and satisfies λ = −dCψ.
Because the set of almost complex structure J on U satisfying both conditions
1 and 2 is non-empty and contractible, this equivalence concludes the proof of
Lemma 11.
Let’s now go back to the additional assumptions for the proof of Theorem 1.
According to Theorem 10, there is then an almost Stein structure (J ′F , ψF ) on
F such that the Weinstein structure (−ddCψF , ZF , ψF ) is Weinstein homotopic,
with fixed function ψF , to the Weinstein structure (ωF , ZF , ψF ) in the state-
ment of Theorem 1. Because −ddCψF and ωF are homotopic as symplectic
structures, (a slight adaptation of the proof of) the contractibility of the space
of almost complex structures tamed by a given symplectic form also gives that
J ′F is homotopic to JF ; (TF, J
′
F ) is then isomorphic, as complex bundle, to
(TF, JF ) and is, in particular, trivial.
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Because the Weinstein structure (ω0, Z0, |.|2) on C already comes from the al-
most Stein (actually, Stein) structure (i, |.|2), we can moreover apply the We-
instein homotopy only on the F -factor of F × C in order to assure the same
assumption on the manifold F × C. Notice that this Weinstein homotopy do
not change W , Ψ and (up to isotopy) the contact structure on DW ×S1 defined
in Theorem 1, because the homotopy is along the F -factor and with ψF fixed.
With a little abuse of notation, we will hence denote J ′F again by JF ; let
also J := JF ⊕ i on F ×C. Notice that J := JF ⊕ i can be further extended to
JD on F × C × Rs × S1θ by defining JD(∂s) := ∂θ on T (Rs × S1θ). Notice that
(JD, ψD = ψ + s2) is an almost Stein structure on F × C × R × S1 such that
ωD = dλD, where λD := −dCψD = λ+ 2sdθ, and ZD = Z + s∂s is the Liouville
vector field of λD.
By the hypothesis of Theorem 1 and the above assumption that the We-
instein structure (ωF , ZF , ψF ) comes from an almost Stein structure (JF , ψF )
with (TF, JF ) stably trivial, there is an isomorphism of complex vector bundles
ν : (TF, JF )
∼−→ εn−1F over F , where εn−1F is the trivial complex vector bundle
(F × Cn+1, Jstd). Moreover, ν naturally extends to a trivialization
µ :
(
T
(
F × C× R× S1) , JD) ∼−→ εn+1F×C×R×S1 (1)
such that, for each (q, z, s, θ) ∈ F × C× R× S1, one has:
• the following diagram commutes
(TqF, JF )
(
T(q,z,s,θ)
(
F × C× R× S1) , JD)
(εn−1F )q = Cn−1
(εn+1F )q = Cn+1 (ε
n+1
F×C×R×S1)(q,z,s,θ) = C
n+1
νq
i
µ(q,z,s,θ)
j
Id
where i and j are the natural inclusions given by TqF = TqF⊕{(0, 0, 0)} ⊂
T(q,z,s,θ)
(
F × C× R× S1) and Cn−1 = Cn−1 × {(0, 0)} ⊂ Cn+1;
• µ(q,z,s,θ)(∂x) = (0, . . . , 0, 1, 0) ∈ Cn+1, where we use here coordinates (x, y)
on the factor C of F × C× R× S1,
• µ(q,z,s,θ)(∂s) = (0, . . . , 0, 1) ∈ Cn+1, where s is the coordinate on the factor
R of F × C× R× S1.
Let now a := c−min(ψF )4 > 0 (the exact value of this parameter will inter-
vene later in the proof), and consider a non-decreasing smooth cut-off function
χ : R → [−1, 1], equal to 1 on (2a,+∞), equal to −1 on (−∞,−2a), and such
that χ(x) = x for x ∈ (−a, a). Then, the function f : F × C → R defined by
f := χ(ψ − c) is a regular equation of M = f−1(0) = ψ−1(c); in particular,
ZD = Z + s∂s on Ŵ × Rs is transverse to DfW too. Notice also that DfW is
essentially a “flattened” version of Dψ−cW , as Figure 1 illustrates.
As we would like to prove Theorem 1 using the equation f instead of ψ− c,
we need the following:
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ŴRs
Dψ−cW
DfW
W−
s = +1
s = −1
ZD
Figure 1: DfW and Dψ−cW inside Ŵ ×Rs and the vector field ZD, transverse
to both; W− := DfW ∩{s = −1} that will appear in Step 1 is also represented.
Lemma 12. If the conclusion of Theorem 1 holds with the special choice of
equation f for DfW ⊂ F × C × R, then it holds also for Dψ−cW defined by
ψ − c (i.e. as in the statement of Theorem 1).
Proof (Lemma 12). Let f0 := ψ − c and f1 := f = χ(ψ − c). According to
Lemma 6, the flow ψ1Xt of the vector field Xt =
f1−f0
dfDt (ZD)
ZD gives a contacto-
morphism from (Df0W × S1, ker(αf0)) to (Df1W × S1, ker(αf1)).
Hence, in order to prove Lemma 12, it’s enough to show that the diffeomorphism
ψ1Xt ◦Ψ◦(ψ1Xt)−1 of Df1W is still induced by the diffeomorphism F ×C×R×S1
given by (q, z, s, θ) 7→ (q, eiθz, s, θ). But this is indeed the case, because the flow
ψ1Xt fixes the angular component of the C-factor as well as the S
1-factor of the
product F×C×R×S1, and hence commutes with (q, z, s, θ) 7→ (q, eiθz, s, θ).
Let then α, Ψ, Y and Ψc be obtained as in Section 2.1 from the Liouville
manifold (F × C, λ), the regular equation f of M and the family {ϕθ}θ∈S1 of
diffeomorphisms of F × C which is given by (p, z) 7→ (p, eiθz).
We know from Section 2.1 that, inside the Liouville manifold (F × C × Rs ×
S1θ, λD = λ+2sdθ), the preimage of (−∞, 0] via F×C×Rs×S1θ → R, (p, s, θ) 7→
s2 + f(p), gives a Liouville filling of (DfW × S1θ, αf ).
Moreover, as we are under the hypothesis that the Liouville structure on F comes
from an almost Stein structure, the compact manifold {fD ≤ 0} = {s2 +ψ ≤ c},
together with the almost complex structure induced by the ambient almost
Stein manifold (F × C × R × S1, JD), is actually an almost Stein filling of
(DfW × S1θ, αf ). In particular, λD is equal to −dCψD on a neighborhood of
{fD = 0} = {s2 + ψ = c}, which guarantees that the almost complex structure
JD on F ×C×R× S1 restricts to a well defined endomorphism of kerαf along
DfW × S1θ; this restriction is then automatically tamed by dαf |kerαf .
Remark. If we relax the condition in Theorem 1 of F being a Weinstein man-
ifold to F being a Liouville manifold, we may not be able to find a JD on
F × C × R × S1 that both restricts to kerαf and splits as JF ⊕ i ⊕ JD|T (R×S1)
at the same time; these are both conditions we will need in the following.
Recall now that Ψc = Ψ ◦ ψ1Y , with ψtY the flow at time t of Y defined
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in Lemma 7. Then, in order to show that, for each k 6= 0, Ψkc is not contact
isotopic to the identity, we are going to proceed by steps as follows:
1. LetW− := DfW ∩{s = −1} ⊂ F ×C×R (see Figure 1); notice that it has
non-empty interior by construction of f . We then describe a S1-family of
Lagrangian basis L for ker(αf ) on W− × S1.
2. We remark that, for all t ≥ 0, ψtY (W− × S1) ⊂W− × S1, and we describe
the behavior of the restriction of Ψc, and its iterates, to W− × S1. This
allows us to describe, for all k ≥ 1, the pushforward (Ψkc )∗L of L via the
k-th iterate of Ψc.
3. We describe, for each k ≥ 0, the family of matrices Bk : S1 → GLn+1(C)
associated, via the trivialization µ, to the stabilization (Ψkc )∗L⊕ ZD. We
then show that, if k ≥ 1, Bk is not homotopically trivial as map S1 →
GLn+1(C).
According to Lemma 9, this proves that, for all k ≥ 1, the k-th iterate of
the contactomorphism Ψc is not contact isotopic to the identity. The space of
contactomorphism being a group, this implies the same conclusion for all k 6= 0.
Step 1 We recall that there is a trivialization ν : (TF, JF ) → (F × Cn−1);
let (w1, . . . , wn−1) be the inverse image of the sections (e1, . . . , en−1) that give,
fiber-wisely, the canonical complex basis for εn−1F . Then, we have the following:
Lemma 13. There are q0 ∈ F and x0 ∈ R>0 ⊂ C such that (q0, x0,−1) ∈
W− ⊂ F × C × R and L :=
(
γ, v1, . . . , vn−1, ∂θ(θ) + 2x0 ∂y(x0)
)
is a S1-family
of Lagrangian basis for ker(αf ), where γ : S1 → W− × S1 is defined by γ(θ) =
(q0, x0,−1, θ), vj denotes wj(q0) ∈ Tq0F for each j = 1, . . . , n − 1, and (x, y)
are coordinates on the factor C of F × C× R× S1.
Proof (Lemma 13). Let p0 = (q0, x0) ∈ M = ψ−1(c − 3a) ⊂ F × C, where
q0 ∈ F is a point of (global) minimum for ψF and x0 ∈ R>0 ⊂ C satisfies
ψF (q0) + x
2
0 = c− 3a.
Recall that c > min(ψF ) is the regular value for ψ in the statement of Theorem 1;
also, a = c−min(ψF )4 was introduced in the choice of regular equation f for M
and satisfies c− 3a > minψF , so that an x0 > 0 as above actually exists.
Because W− = DW ∩ {s = −1} ⊂ F ×C×Rs, this proves the existence of γ as
in Lemma 13.
We now have to prove that L is a S1-family of Lagrangian basis for ker(αf ).
Because q0 is a (global) minimum of ψF , we have λD = x20dϕ − 2dθ at the
point γ(θ) (here, we use coordinates (r, ϕ) for the factor C of F ×C×R× S1).
In particular, ker(αf )|γ(θ), seen as a sub-bundle of Tγ(θ)
(
F × C× R× S1) =
Tq0F⊕Tx0C×T−1R×TθS1, is equal to Tq0F⊕SpanC
(
∂θ(θ) +
2
x0
∂y(x0)
)
(recall
that ∂ϕ(x0) = x0∂y(x0)). This means exactly that L is a family of Lagrangian
basis for ker(αf ), as wanted.
Step 2 This step consists in the following two lemmas:
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Lemma 14. The contactomorphism Ψc of (DW×S1, kerαf ) satisfies Ψc(W−×
S1) ⊂W− × S1. More precisely, for each k ≥ 0, Ψkc has the following form:
Ψkc : W− × S1 →W− × S1
(q, reiϕ,−1, θ) 7→ (Qk(q, r), Rk(r)ei(ϕ+kθ),−1, θ)
Lemma 15. Let γ, (v1, · · · , vn−1) and L be as in Lemma 13 and, for each k ≥ 0,
Qk and Rk as in Lemma 14. Then, for each k ≥ 0, there are a complex basis
(vk1 , . . . , v
k
n−1) of TQk(q0,x0)F and a real number sk such that (Ψ
k
c )∗L is given by(
Ψkc ◦ γ, vk1 , . . . , vkn−1, ∂θ(θ) + sk∂ϕ(rkeikθ)
)
, where rk := Rk(x0).
Proof (Lemma 14). We give a proof by induction on k. The case k = 0 is trivial;
notice that it’s actually enough to show that the lemma holds for k = 1, as the
inductive step would then become immediate.
Indeed, if both Ψc and Ψkc can be written in the form given in the statement of
Lemma 14, it is immediate to check that the same is true for Ψk+1c .
Let’s then analyze the case k = 1. Recall that Ψc = Ψ◦ψ1Y , where ψtY : DW×
S1 → DW × S1 is the flow of Y (given by Lemma 7) at time 1.
Notice that the function f is constant and s = −1 on W−×S1. Then, Y (which
is tangent to DfW × S1) restricts to − r22 ZF (q)− r
3
4 ∂r(re
iϕ) on W−× S1; here,
we use polar coordinates z = reiϕ on the factor C.
In particular, the flow ψtY : DW × S1 → DW × S1 of Y at time t ≥ 0 satisfies
ψtY (W− × S1) ⊂ W− × S1: indeed, Y has no component along ∂s, and its flow
preserves the s-coordinate, hence also W− × S1 = (DfW × S1) ∩ {s = −1}.
More precisely, at time t = 1, the embedding ψ1Y : W− × S1 → W− × S1 can
be written as ψ1Y (q, re
iϕ,−1, θ) = (Q(q, r), R(r)eiϕ,−1, θ), for some functions
Q : F ×C→ F and R : C→ R, with Q and R both independent of the angular
component ϕ on C.
Recalling that Ψ: F ×C×R×S1 → F ×C×R×S1 is given by Ψ(q, reiϕ, s, θ) =
(q, rei(ϕ+θ), s, θ), we then obtain an expression for Ψc = Ψ◦ψ1Y which is exactly
as in the statement of Lemma 14 (with the choices Q1 = Q and R1 = R).
Proof (Lemma 15). We are going to describe who vk1 , . . . , vkn−1 and sk in the
statement are. For this, we use the expression for Ψkc given in Lemma 14.
Notice that Ψkc ◦γ is given by θ 7→ (Q(q0, x0), Rk(x0)eikθ,−1, θ) ∈W−×S1 ⊂
F × C × R × S1. An explicit computation also gives dΨkc◦γ(θ)Ψkc (∂θ(θ)) =
∂θ(θ) + k∂ϕ(rke
ikθ) and dΨkc◦γ(θ)Ψ
k
c (∂ϕ(x0)) = ∂ϕ(rke
ikθ), where rk = Rk(x0)
as in the statement.
Then, if we choose sk := k + 2x20 and v
k
j := d(q0,x0)Gk(vj) for each j =
1, . . . , n− 1, we have that (Ψkc )∗L can indeed be written as in the statement
of Lemma 15.
Remark 16. The informations in both Lemmas 14 and 15 could be made much
more precise, by computing explicitly the flow ψ1Y .
For instance, the value of sk given at the end of the proof of Lemma 15 is k+ 2x20 .
One can easily see that, in order for ∂θ(θ)+sk∂ϕ(rkeikθ) to be tangent to kerαf
(which it has to be, because image of a tangent vector via the differential of a
contactomorphism), one needs the equality k+ 2
x20
= 2
r2k
. An explicit computation
of ψ1Y would have given us an explicit formula for Rk(r) such that rk = Rk(x0)
satisfies this condition.
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To improve the readability, we decided not to include these detailed informations,
as the content of the two lemmas above is actually all we need for Step 3.
Step 3 The main ingredient of the last step is the following:
Lemma 17. The family of matrices Bk : S1 → GLn+1(C) associated via the
trivialization µ (defined in Equation (1)) to the stabilization
(Ψkc )∗L⊕ZD =
(
Ψkc ◦ γ, vk1 , . . . , vkn−1, ∂θ(θ) + sk∂ϕ(Rk(x0)eikθ), ZD(Ψkc ◦ γ(θ))
)
is given by matrices of the form
Bk(θ) =
 B0,k b0,k b1,k0 b2,keikθ b3,keikθ
0 b4,k b5,k
 ,
where b0,k, b0,k ∈ Cn−1, b2,k, . . . , b5,k ∈ C and B0,k ∈ GLn−1(C).
Proof (Lemma 17). Notice that ∂ϕ(rkeikθ) = −rk sin(kθ)∂x(rkeikθ) +
rk cos(kθ)∂y(rke
ikθ) = rk(− sin(kθ)+J cos(kθ))∂x(rkeikθ) and that ∂r(rkeikθ) =
cos(kθ)∂x(rke
ikθ) + sin(kθ)∂y(rke
ikθ) = (cos(kθ) + J sin(kθ))∂x(rke
ikθ).
Then, Lemma 17 immediately follows from the expression for (Ψkc )∗L given in
Lemma 15 and from ZD(Ψkc ◦γ(θ)) = 12Rk(x0)∂r(Rk(x0)ei(ϕ+kθ))−∂s(−1) .
Lemma 17 tells in particular that Bk is homotopically trivial as map S1 →
GLn+1(C) if and only if k = 0. Indeed, B0 is a constant map, and an easy
computation tells that det(Bk(θ)) = bkeikθ, for a certain bk ∈ C\{0} (notice that
bk 6= 0 necessarily because Bk(θ) ∈ GLn+1(C)); in particular, θ 7→ det(Bk(θ))
is homotopically non-trivial if k ≥ 1. This concludes Step 3, hence the proof of
Theorem 1.
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